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1. Introduction

Let I' be a smooth simple closed contour, dividing the complex plane into an interior
domain D", and an exterior domain D™, including the point z = c0.

For definiteness, the origin belongs to D", the positive direction of traversing the
contour I" leaves the region D to the left.

The boundary conjugation problem (BCP) consists of finding the function ®(z) which
is analytic except on I, has finite order at 0o, and has limiting values $E(h), t € T, on both
sides of I', that satisfy the conditions:

OT(t) = G(H)®~(t) (homogeneous problem), (1)
dT() =GP (1) + g(t) (inhomogeneous problem) (2)

where g and G are given functions.

In 1857, BCP for analytic functions was first obtained by Riemann [1]. In 1904, Hilbert
reduced this problem to an integral equation, thereby giving the first proof of the existence

of solution. At present, in some literature, the problem is referred as the Riemann and
Riemann-Hilbert problems.
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At the same time, Plemelj showed that the solution of BCP can be obtained by using the
Cauchy-type integral [2]. He considered only a special case when the index is equal to zero.
This idea turned out to be so fruitful that even now the Cauchy-type integral is the main
tool for investigating and solving boundary conjugation problems. The next stage in the
development of this direction is associated with the names of Yu. Sokhotski, H. Poincaré,
G. Bertrand, E Noether, T. Carleman.

For the first time, a general solution of the problems (1) and (2) was given by Gakhov
[3). In the scalar case for general piecewise smooth curves I' = L, these problems have
been investigated by Muskhelishvili [4]. Further development of the theory of boundary
conjugation problem is based on the modern theory of functions in the space of Holder
continuous functions and in Lebesgue space [5-11 ).

In this work, we study the problems (1) and (2) in Besov space. We emphasize that
applications of Besov spaces possessing limit embedding theorems allow to weaken the
condition from the density of Hélder continuous integrals by replacing it just continuity
in terms of Besov spaces. Furthermore, the Besov space, we are considering, is embedded
into the space of continuous functions on a closed Lyapunov contour but not into the class

of functions satisfying Holder condition [12]. This is the main reason which motivates us
to study these problems in Besov spaces.

Typical examples of functions in Besov spaces in the circleT' =T : |z| < d < 1:forany
fixed ¢ > 0, the functions

ge

2

1y
—— — eBl () -and
2rlogite L " P 4

1 2 .
——eBl\(T), 1<p<2 z=re".
logrt P
Boundary value problems with operators with complex conjugate are one of the important
parts of the theory of analytic functions of complex variables. Such problems have signifi-

cant applications and they are playing a crucial role, for example, in the theory of boundary
value problems for differential operators [13].

2. Preliminaries

2.1. Besovspace

Let t(s) = x(s) + iy(s), 0 < s < |, be an equation of a contour I € CJ', m > 0 an integer,
0 < v < 1, where x(s), y(s) are real-valued functions with period / extended to the entire
real axis. Let 1 <p<00,1 <6 <00,0 <r <m—1+v and k be an integer such that

k> r. The Besov space B;',,(I‘) is the class of all functions ¢(t) = ¢(t(s)) = ¥ (s) € Lp(I')
with the finite seminorm:

] 7
el 0 = ([0 B~ = N AR oy dh) < o, @)

where A',‘]t[/(s) = A;.(A’,‘;_l\lr)(s) = Z’,‘:(,(—l)k_'CLw(s + Ih) is the difference of order k
with step h. The space B;,ﬂ(l‘) becomes a Banach space when equipped with the norm

lpliz, @y = ¥l o0 + el 00- (4)

For more details on such spaces, we refer the reader to [12, 14, 15].
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3. A general solution of the homogeneous conjugation problem

Throughout the paper, we denote by » the index of G(1), t € T, and by P,(2), 2 polynomial

of degree > with arbitrary coefficients.

Let T" be a closed Lyapunov contour from the class C}, % —l<v<ll<p<2

1 1
Theorem 3.1: Assume G(t) € B;J(I‘), and G(t) #0,t € I, and g(t) € Blp,_l(l‘). Then

1
(i) if >0, (1) has 5 + 1 linearly independent solutions in B,’,'_l(l‘).
The general solution is given by

O+ (2) = Pu(2)e'®, &7 (2) =2 *P.(2)e" @,

where

n(Z) = -L-/ 1—————0g[r_xc(r)] dr
i Jr t—2 :

(ii) if 2 < 0, (1) is unsolvable.

1
Proof: Let ¢(t) € By, (I"), 1 <p <2.Then the Cauchy-type integral

By = 1 [ 9@

- dr, ze D¥
driJrt—2

belongs to the space B;,j“(D*), o= % —1, (12, Lemma 1.2].
1

Hence, ®(z) has a trace on " from B;l(r) [14], which matches with

o*t(t) = lim ®(z), zeD'.
z—1el

Therefore

(et 1+ < MPllgriagpey < Mallell 1
80, Bpy” (0%) B\«

where M, M, are positive constants.
In our case, the formula

L
(1) — (1) = (1), (1) € By (I = C(I),

holds [4, p. 67) . With the additional condition ®~ (c0) = 0, it follows that

e~y  <Ue*ly  +lel 3  <Mslely
Py X0 BL,(1) B),(1)

pa (T By

where M3 is a positive constant.

(6)

()

(8)
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The Sokhotski-Plemel;j formulas

) = & L/ #ir) 9

®(t)_2(p(t)+2m rr_tdr. %)
1 1

<D*(t)=—5(p(l)+ 2_”./“%&, (10)

are valid, which follow from the results of [12, 16].
Let >z = 0. Then log G(t) is a single-valued function.
Taking the logarithm of both sides of (1), we obtain

log @ (t) — log @~ (t) = log G(t). (11)

We can choose any branch for log G(t). It is easy to check that the final result does not
depend on the choice of the branch.

We have arrived at the problem of finding an analytic function log ®(2) by the jump
given on I'. Its solution, under an additional condition log @~ (c0) = 0, is given by the
formula

1 log G(7)
log@@) = 5 | <=

dr. (12)

For brevity, we denote Tly(z) = log ®(z). The solutions of (1), satisfying the condition
&~ (00) = 1, are given by

ot (2) = eng(z), O (z) = eﬂo'(z)’

as follows from the Sokhotski-Plemelj formulas.

If we remove the additional condition ®~(c0) = 1, then the solution of (1) in this case
is defined by

ot(2) =A@, O () =AM,

where A is an arbitrary constant. Since IT; (00) = 0, A represents the value of 7 (z) at
infinity.

1
Thus, we conclude that if Ind G(f) = 0, and G(f) # 0 with G(t) € B[',’_l (I"), then

Mo ® 1 log G(t)
gty [ 0B

G(t) = ;
) el () 2rijp T—2

drz.

Therefore, in the case >« = 0 and for arbitrary ™ (00) # 0, the solution contains one arbi-
trary constant, therefore, there is only one linearly independent solution. If ®~(c0) = 0,
then A = 0 and the problem has only the trivial solution.
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Let 3 > 0, assume that the origin belongs to D*, then we have

% 1 ; ”
Ind{‘:——/ darg!‘:if dargt = .
2 {3 2 B

1t follows that
Ind[t"*G()] = L[ darg [t~ 7G(1)]
2

1 1
Erds %4+ — | dargG(¢
2nfrdarg +2ﬁ/r arg G(1)

=—x+x=0.

Then we obtain

e o 1 log [t7*G(1)]
7% = —_— = — = dr.
-Gl N’ i) 2mi j;- T—2

It is easy to obtain an expression for the boundary values of the canonical function:

+ 2oall(z) s +
b | @) =e"", ifze D", (13)
x(z) = {x_(z) — %@ ifzeD,

Then the function G(t) from (1) can be represented as

A

S A 14
==el™ 0 x=() @

G(t) =

The canonical function x (2) is a function that satisfies the boundary condition (1) and is
analytic everywhere in the plane, with the exception of the infinitely distant point, where

its order is equal to the index of the problem. This function can be constructed when the
index of problem is zero.

Representing G(t) by formula (14), we rewrite (1) in the form

t(1) 12 S ()

Xt xm@

The last equality shows that

= 1 analytic in D™, with the
exception of the point at infinity, where it can have a pole of order at most . Note both
+ B

%% and ‘;’_:ﬁ: are analytic continuations of each other through the contour I (3, Chap-

ter 12]. Consequently, they are branches of a single analytic function, which in the entire
plane can have a single singularity, it means the pole of order at most 3¢ at infinity. By the

generalized Liouville theorem [3, Chapter 12}, this function is a polynomial of degree at
most 3¢ with arbitrary complex coefficients.

@ | T v (1)
=0 S analytic in D, and
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For » > 0, we obtain the solution of (1) in the form

®(2) = P..(2)x (2)

or

¢+ (Z) = PX(Z) en'-‘(l)’ (D—(Z) i Z—%PK(Z) e['l’(z).

Let 7 < 0 then the canonical function has a pole of order || at infinity and is no longer a

solution, but it will be used as an auxiliary function in solving an inhomogeneous problem.
This completes the proof. o

4. A general solution of the inhomogeneous conjugation problem

1
Theorem 4.1: Let functions G(t) and g(t) belong to Blp,.l(l“), and G(t) # 0, t € T". Then

(i) if > 0, (2) is solvable, and general solution is given by

oLl e (RS FPVC) (15)
i JrxtT(@)t—2
where x (2) is the canonical function and is determined by (13).
(i) if 2= —1, then the problem (2) is also solvable and has a unique solution.
(iii) if 2 < —1, the problem (2) is unsolvable. In order (2) to be solvable, it is necessary and
sufficient that the free term of the problem satisfies the —3 — 1 conditions

g(r)
r x*(@)
Then the unique solution of (2) is given by formula (15), where P.(z) = 0.

ldr =0, (k=1,2,...,—%—1). (16)

Proof: Replacing the coefficient G(t) of the boundary condition (2) by (14), we rewrite the
boundary condition (2) in the form

oty _e"® 80

O Gk WGl

1
where 7"% € B;,(I‘). Then using the formula (8), we replace it by the difference of the

boundary values of analytic functions:
gt
x* ()

1
¥(2) f g v (17)
’

T iyt Tr—2
Then the boundary condition (2) can be written in the form

=W — v (),

where

DEW) i PO
0 n= =0 v (1).

The solutions of (2) is given depending on the cases:
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Case » > 0. Then

1t follows that

O(2) = x(2)V(2) + x(2)Px(2).

Case » < 0. For this case we have P,,(z) = 0, and obtain

(18)

P(2) = x(2)V (2). (19)

The first factor x~(z) of the function ® (z) has a pole of the order — at infinity, and
the second, as a Cauchy-type integral (17), has a zero of first or

4 der at infinity. Therefore,
®~ (2) has a pole of order not greater than —3 — 1 at infinity.

) Thus, if > < —1, problem
(2) is unsolvable. It will be solvable only when the free term sat

isfies some additional con-
ditions. To obtain them, we decompose the Cauchy-type integral

(17)ina neighbourhood
of infinity (3, see Chapterl] in a series

o0
¥ (z) = chz"k,
k=1

where

k=1
ck=—i.[ (LA
2niJr x*(@)

itis necessary that the first —s¢ — 1 coefficients of W™ (2)

for the solvability of problem (2) in the case of a negative
—1) it is necessary and sufficient that —32 — 1 conditions are satisfied:

k-1
fg(r)r deie0i k=12 =2
r X+(t)

For analyticy of ®~ () at infinity,
vanish. Hence, we obtain that
index (> <

This completes the proof.
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